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PIC Method

2.1.1 Source Terms of the Boltzmann Equations

The sources on the rhs of (2.1) is the Boltzmann collision integral and represents
the rate of change of fα due to microscopic particle collisions. It can be written
as

(
δfα
δt

)

col

=
∑

β

nβ(x, t)

∫

d3w dΩ g Qαβ

[

fα(v
′)fβ(w

′)− fα(v)fβ(w)

]

, (2.2)

where the prime refers to the value of a quantity after a collision (v′ = v+∆v and
w′ = w + ∆w) and unprimed denotes the values before the collision. The index
β runs over all “scattering” populations (also called field particles), g = v − w is
the relative velocity, Qαβ = Qαβ(g, θ,φ) is the differential scattering cross section
between the particles of the species α and β. The element of solid angle dΩ is
given by dΩ = sin θ dθ dφ, where θ and φ denote the scattering and azimuthal
angle, respectively. In the situation of charged particle collisions the differential
cross section is given by the classical Rutherford formula. Then, for small changes
in velocity the collision integral can be approximated. After some straightforward
manipulations and reformulations one obtains the Fokker-Planck (FP) equation
(see, for instance, [24, 19])
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∂
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(

D(αβ)
jk fα

)






, (2.3)

which represents the lowest order approximations of the Boltzmann integral. The
central quantities in the latter equation are the coefficients of the dynamical fric-
tion force F (αβ)

j = F (αβ)
j (v, x, t) and the diffusion tensor D(αβ)

jk = D(αβ)
jk (v, x, t).

The indices j and k runs over all three space dimensions and denote the compo-
nents of corresponding quantities. Very recently the FP collision operator (2.3)
for elastic electron-electron and electron-ion Coulomb scattering in a plasma has
been solved numerically on the basis of PIC methods [7].

2.1.2 The Maxwell-Vlasov Equation

A class of plasma flows characterized by dominating collective effects when indi-
vidual events of particle interactions become less significant, the collision term in
(2.1) can be neglected, and one obtains the Vlasov equation (see, e.g. [20] and
references given therein) where the total derivative d/dt of function fα vanishes.
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